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' The induced momentum spectrum of soft gluons radiated from a high energy quark produced 

in and propagating through a QCD medium is reexamined in the BDMPS formalism. A mistake 
in our published work (Physical Review C60 (1999) 064902) is corrected. The correct dependence 
of the fractional induced loss R(8 conc ) as a universal function of the variable @conaL 3 q where L is 
the size of the medium and q the transport coefficient is presented. We add the proof that the 
radiated gluon momentum spectrum derived in our formalism is equivalent with the one derived in 
the Zakharov- Wiedemann approach. 
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' I. INTRODUCTION 

O ' 

In the present paper we correct an error made in the calculation for the angular distribution of radiated gluons as 
presented in Q. We recalculate the quantitative predictions of the integrated energy loss outside an angular cone, 
defining the jet, with fixed opening angle, AE(8 conc ), and derive the expression for the ratio R{0 conc ) = AE(0 conc )/AE, 
where AE is the completely integrated loss. We confirm our previous result that R{0 conc ) is a universal function of 
O i' the variable 9^ onc qL 3 , where q is the transport coefficient characteristic of the medium. In particular we now find 
that R(0 conc ) is strongly peaked at small values of conc (9^ onc qL 3 ~ 1/10), a feature already obtained by Wiedemann 
0. Finally, we explicitly show that the induced radiated gluon momentum spectrum derived in our formalism is 
^ , equivalent with the one derived in the Zakharov- Wiedemann approach ||, namely in the form given in 

X: 

II. MOMENTUM SPECTRUM OF RADIATED GLUONS 

_ _ i 

In this section we repeat shortly the discussion of the induced momentum spectrum of soft gluon emission (x — > 0) 
from a fast quark jet, which is produced inside the medium by a hard scattering at time t = 0. From the production 
point the quark propagates over a length L of QCD matter, carrying out many scatterings via gluon exchange with 
the medium. 

In the BDMPS approach [Q the spectrum per unit length z of the medium consists of two terms: one corresponding 
to an "on-shell" quark, as if that quark were entering the medium, and one corresponding to a hard production vertex. 
From |jj we quote the induced gluon spectrum in the soft u> limit: 

jdl a.,CV_ f L ,. f ( f t2 ,. TV, 



dojdzd?U tt 2 L 



2i?e^ dt 2 J d 2 Q_y^' dt lP (j^-f{U + Q, t 2 - h) + f h (U + Q,t 2 ) 
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V(Q) Tf a 



(1) 



where fh differs from / in that the gluon emission time has been evaluated at the time of the hard interaction, t = 0. 
We remind that the the medium-independent factorisation contribution is eliminated by a subtraction of the value of 
the integrals at k = 0, where this parameter is 



2C F \h 2 



(2) 



It depends on medium properties, in particular on the quark mean free path A = l//ccr, as well as on the gluon energy 
u>. The other symbols are explained in jjj. 

Next we convert (|l|) to impact parameter space as explained in and we rescale the time variable t = 2^ At and 
define tq = N c L/2CfX. We obtain the spectrum in terms of impact parameter integrals, 



LudI 



dujdzcPU 



V(B 3 _-B 3 )-V(B 1 



D 



k=0 



(3) 



We still have to evaluate the explicit expressions for /, and especially for fh- We recall that the amplitude f(B_,r) is 
given by 



f(B,r) = - 



tirv 



COS z LOqT' 



-Bexp —-mu> B_ tanw T I , 



(4) 



with m = —1/2k and ujq — y/2ihv. From the fact that fh and / have the same time evolution given by the harmonic 
oscillator Green function G(B_ 2 , T2; B_ x , ri) (cf. Eq.(5.6) of B), i.e. in Eq. (§), 



d 2 B G(B_ 1 ,T2\B_, t = 0) f h (B, t = 0) 



(5) 



while the initial conditions satisfy (in the soft gluon limit) fh(B_,0) — -^if{B_, 0) = — 2iriB_/ B 2 as can be seen from 
Eqs.(17b) and (37) of §. 

Here we note the mistake in our paper Q : instead of the correct Eq. (||) we have taken 



MB 1 ,r) = ^f(B 1 ,r) = ^ 
vB_ x vB_ x 



d 2 BG(B 1 , T ;B,T = 0)f(B,T = 0), 



(6) 



i.e. effectively we have taken out of the integrand in Eq.([j|) the factor 1/B 2 , and replaced it by 1/Bj\ 
Eq.(||) allows to derive the explicit time and impact parameter dependence of fh, which reads, 



fh(B,T) = -2iriB/B 2 



exp — —muJoB_ tanwoT — exp —muio 



B 



tan loqt 



(7) 



Based on this correct treatment of the hard production vertex the soft gluon radiation spectrum can be rewritten as 



jdl 



dujdzd 2 U_ L 



= -4 — Re / dr 



d Bi d B 2 j( Bl -B n )-u 
(2tt) 2 (2tt) 2 



B 

exp \ -mcjQ-^ — 
I tanwoT 



[(£1 - B 2 ) 2 - B 2 ] e-i^-^) 2 (ra-r) 



(8) 



The B-space integral is performed as in W and expressed in terms of the function 



J(U,a,/3) = 



16?r 2 a(a + j3) 



e 4(«+j8) . 



(9) 
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III. INDUCED RADIATIVE ENERGY LOSS OF A HARD QUARK JET IN A FINITE CONE 



In the following we recalculate the integrated loss outside an angular cone of opening angle 9, 



cone ; 



AE(6 conc ) = L I duj f , W f M dB. (10) 
o Je duiazdO 



We note that for 8 couc = the total loss is obtained, namely 



AE = -^qL 2 . (11) 
We consider the normalized loss El by defining the ratio 

R(e coac ) = AE ^\ (12) 

with -R(# C onc = 0) = 1., by using the same (dimensionless) variables and definitions as in [0. 
We confirm that the ratio R(9 CO nc) turns out to depend on one single dimensionless variable 

R = R(c(L)8 conc ), (13) 

where 

c 2 (L) = ^-q(L/2f. (14) 

This "scaling behaviour" of R means that the medium and size dependence is universally contained in the function 
c(L), which is a function of the transport coefficient q = vfi 2 /X and of the length L, as defined by (|l4|). 

As a consequence the discussion of the medium properties is qualitatively the same as in |]lj , and does not need to 
be repeated here. Quantitatively the corrected ratio R is plotted in Fig. 1. 
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A sharp peak at small values of c(L)8 conc ~ 0.1 — 0.2, where R{0 conc ) ~ 2., can be seen in this figure, especially 
with the help of the insert. This behaviour of the loss AE(9 cone ) has been already noticed by Wiedemann in [0. For 
c(L)9 conc > 10 the dependence is numerically as given in our previous work M. 

When comparing hot and cold QCD matter we recall Jl]] that for fixed L 



c{L) >c(L) 



HOT 



COLD ' 



(15) 



This implies that e.g. for L — 5/m, the position of the peak seen in Fig. 1 corresponds to very small cones: O^nc < 2° 
for nuclear, and 9^e — 0-5° for hot (at reference temperature T — 250MeV) matter, respectively. For 9 conc > 9^nc 
the energy loss, R(9 conc ) , drops quickly with increasing 9 cone , the behaviour already known from the discussion in 

For a quark jet produced in the medium the dependence of R on c(L)9 cone is given for further reference, expressing 
explicitly the property Eq. ( |l3| ) by 



R(9 C 



Re 



dx 
1 



y dy dz 
Jo 



(l-\-i)x ta,n(l-\-i)x 



exp 



c 2 (W 



2 

cone 



l + z-y 



(l-\-i)x tan(l+i)ir 



(16) 



The subtraction term in (16) with k = vanishes. 

For the case of a quark produced outside the medium the calculation is the same as in . 



IV. EQUIVALENCE OF THE TWO FORMALISMS 

We now show that Eq. (||) can be expressed in a form identical to Eq. (2.1), respectively Eqs. (A. 5) and (A. 6) of 
Q . This derivation of the equivalence of our formalism with the one by Wiedemann j|] and Zakharov |3) generalizes 
the proof given in [Q , but here for the full gluon momentum spectrum Eq. (|l|) . 

As in [Q we express /(B 1 ,T2 — t{) and fh(B-i> T 2) m terms of the Green function G, as given by Eq. (||). The 
function G obeys the same differential equation as given for / H , 

^G(B 17 t 2 ;B, Ti ) = ikV 2 B G+ V -B 2 G. (17) 

Using this Eq. ( [l7| ) we substitute the combination of dG/dri and V^G for this Green function G which expresses 

the t dependence of f(B_ 1 ,T2 — T\) in Eq. (|J). The lower limit of the n -integral of dG/dri exactly cancels the term 
coming from fh{B_i,T2), while its upper limit, at T2, contains 

G{B 1iT2 -B : t 2 ) = S 2 (Bj — B) , 

which is K-independent and therefore canceled by the k = subtraction term present in Eq. (||). Thus, we arrive at 

ujdl 



dujdzd 2 U 



A a s C F „„ D , .. p , p , fd 2 B 1 d 2 B 2 f - i(B _ B yu 
-'- 2 [{B.-B^-B^ e-^-M. 2 r(T -T 2 ) v|G(Bi,r 2 ;B,ri). (18) 



B 2 B 2 



Using 

B 



B 2 

and after integrating one V_b derivative in Eq. ( ^8|) by parts one finds 



Vb- ^ = 2-k8\B), (19) 



J d 2 B^V 2 B _G{B 1 ,T 2 ;B 1 T 1 ) = -2tt Vb T 2 ;B, n ). (20) 
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Now, expressing 



" R 2 ) 2 = A e -|(5 1 -B 2 )=( T -o-r 2 ) ) (21) 

and interchanging integrations in Eq. 

TO />T2 />TO />To 

dr 2 / dn = dn / dr 2 , (22) 

JO JO 7ri 

a partial integration with respect to t 2 is performed. Together with the following equation (cf. Eq. (|l7|)) 

^ + lm)G(B 1 ,r 2 ;B,r 1 ) = -ik^% i G{B 1 ,7 K B J T S ), (23) 



and a further integration by parts in B_ 1 similar to Eq. fl20|), the spectrum (|3j) is finally expressed by 
ujdl n a s C F _ s / " ro / " ro 



dujdzd 2 U 



= 2^fn 2 Re H dn f° dr 2 f rf»i? ie «i-£ e -figfr>-*>> V a • VbG&mB = 0,n) 

^ ^ JO Jn J 



'Tl 



Ki?e / dn / ^Sie^'^^ • V b G(5 1 ,t ; ; B = 0,ti). (24) 



n 2 L J Q J U 2 

In the second term the transform 



d 2 B2e ^B 2 -uM^ = -2m^ (25) 
B 2 U 



has been inserted. The subtraction terms at k = vanish. 

The two terms on the right hand side of (|24|) correspond to and are identical with the terms given by Eqs. (A. 5) 
and (A. 6), respectively, in the appendix of the paper by Wiedemann p|. These terms express the gluon radiation 
spectrum off a quark produced in and propagating through the medium of size L. 
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